Wuhan University
Journal of Natural Sciences XXXX, Vol.XX No.XX

NJ2830/

Article ID 1007-1202(XXXX)XX-0001-08 DOI  https://doi.org/10.1051/wujns/XXXXXXXX001

Cite this article: LIU Changfu.New Coherent Structures and Chaotic Patterns for the (2+1)-Dimensional Boiti-
Leon-Pempinelli Equation[J]. Wuhan University Journal of Natural Sciences, DOI: https://doi.org/10.1051/wu-
Jng/XXXXXXXX001.

New Coherent Structures and
Chaotic Patterns for the (2+1)-
Dimensional Boiti-Leon-Pempinelli
Equation

[0 LIU Changfu
School of Artificial Intelligence, Wenshan University, Wenshan 663099, Yunnan, China

Abstract: The (2+1)-dimensional Boiti-Leon-Pempinelli (BLP) equation is integrable and admits a wide class of coherent structures be-
yond classical solitons, but such structures are difficult to derive systematically. Combining the auxiliary equation mapping method with
the homogeneous balance method, we obtain variable separation solutions that contain two arbitrary functions. These functions allow
breather double solitons, symmetric breather solitons and double-period waves to be constructed within one scheme. Analysis of the associ-
ated potential field w(x,y, ¢) further gives fractal rogue waves, fractal dromions and chaotic patterns generated by singular manifolds. The
results relate the choice of arbitrary functions directly to the resulting dynamics and clarify the coherence mechanisms of the BLP system.
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ent structures; chaotic patterns
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0 Introduction

Nonlinear partial differential equations (PDEs) remain central to the description of complex physical systems in
fluid dynamics, plasma physics and nonlinear optics. Among these models, the (2+1) -dimensional Boiti-Leon-
Pempinelli (BLP) equation is a prototypical integrable system, since it admits a wide range of coherent structures.
These localized and stable structures, which often behave like solitons, are central to the description of nonlinear wave
dynamics.

Originally formulated by Boiti et a/'"’ to characterize long-wave propagation in (2+1)-dimensional space, the BLP
system is given by

u,—w-u,),—2v,=0,

(1)

which describes the evolution of the horizontal velocity component of water waves propagating in the x —y plane in a

v,—v,—2uv,=0.

narrow channel of constant depth. It is also regarded as a (2+1)-dimensional generalization of the sinh-Gordon equa-
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tion, and is widely used to model weakly nonlinear waves in fluid mechanics. In particular, it describes nonlinear wave-
wave interactions”. Its integrability and rich mathematical structure have attracted considerable attention. Singh et a/*’
classified its symmetries and identified the associated invariants; Ghazanfar et al' derived multi-wave solutions by Hi-
rota bilinearization; Sil and Raja Sekhar® analyzed soliton dynamics and nonlocal conservation laws. Methodologi-
cally, Radha et al™ used Bicklund transformations to construct exotic solitonic interactions, Seadawy et al'”’ developed
generalized algebraic methods for analytical wave solutions, and Yang er a/* identified parameter-dependent transi-
tions between soliton excitations and chaotic regimes.

Although much progress has been made®*?, a complete classification of coherent structures and of their interac-
tions is still lacking. This paper addresses the gap in three ways. First, we derive new exact solutions with the auxiliary
equation mapping method. Second, we construct breather-like excitations and doubly periodic waves in a controlled
way. Third, we characterize fractal rogue waves and chaotic patterns through a decomposition of the localization func-
tions.

The paper is organized as follows. Section 1 applies the auxiliary equation mapping method to obtain variable
separation solutions, which form the basis of the later analysis. Section 2 uses these solutions to construct coherent
structures such as breather double solitons and double-period waves. Section 3 examines the local structure of w(x, y, f)
for Egs. (1); with suitable choices of the arbitrary functions we obtain fractal rogue waves, fractal dromions and cha-
otic patterns. Section 4 concludes the paper.

1 Variable Separation Solutions for Eqs. (1)

In this section, we employ the auxiliary equation mapping method to construct solutions for Egs. (1). We assume
that the solutions take the form given in Ref. [33],

W =y (00 D (6. OF (3. 0).
)
V(x,,£)= by (X, 3, )+ Zb,- (2. OF (p(x. 3, 1)),

where a,(x,y,1), a,(x,y, 1), b,(x,y,0)(i=1, 2,---, m;j=1,2, ---, n) and ¢(x,y,t) are to be determined. Here, F(¢p(x,y, 1))
satisfies the Riccati equation:

F'(p)=F"(p), 3
with the general solution:

F30)== oy @

where C is an arbitrary constant. Substituting Eqs. (2) into Egs. (1) and applying the homogeneous balance method, we
determine m=n=1. After substituting Egs. (2) and Eq. (3) into Egs. (1), we equate the coefficients of F'(¢(x,y,?))(i=
1, 2, 3, 4) to zero, leading to the following system of equations:
6aip.,—6a,¢:p,+12b,p;=0.
4aya,9.9,+2a,(a,9,+a,9.+a,9,)-2a,0,0,—2a,0:+12b,9.-2a,9..9,—4a,9.9,,

~d4a, 0.0,+2a,a,0.+2a,a,.9,+12b,¢.0, =0,
2a,(ayp,+a,p.+a,p,)+2a,a, ,~a,p,+2a,a,0.+2a,.a, ,+2aa,0,-2a,0,,+ 6b,.0.

+6b1x¢xx - alyq)xx + 2b1¢xxx - 2alxy¢x - alxxgoy - algoyt - alqjxxy - alyqor = 09
2a,a,,,+ 2b,..+ 2a,a,,-2a,,,—a,,+2a,a,+2aa,=0,

®)

2a0a0.ry_ anxy_ aOyt+ 2b0xx:c+ 2a0ya0x= O’ 2albl¢x+ 2b1¢)§ = 07
2a0b, 9. —b,p,+2a,b,+b ¢, .+2b,,.9.=0,2a,b,.+2a,b,+b

—=b,=0,2a,b,,— b, +b,,.=0.

In general, Egs. (5) cannot be solved analytically. Special solutions can, however, be obtained under particular as-

Txx

sumptions.
Case 1 Let ¢(x,y,t)=P(x, 1)+ O(y)+ MP(x,)Q(»). Egs. (5) yield the following solutions:
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()= 5 D (=P, (5001 + MOO)

by (x,y,)=H(y). b, (x.y.0)==0, ()1 + MP(x,1)).
where P(x,t), Q(y) and H(y) are arbitrary functions, and M is a constant. Substituting Egs. (6) and Eq. (4) into Egs. (2)
gives the solutions of Egs. (1):

(6)

_ 1P (x)-P.(x1) P, (x,0)1 + MO(y))
W= 5y T CH Pt + 00)+ MP( D00 ,
R o 01 (R /) @
PO CR PO )+ 00) + MP(.D0()
The corresponding potential field is written as
o P (x, )0, (»)MC-1)
w(x,y,)=u,=v,= (3)

(C+P(x.0)+0()+ MP(x.H0(»))*”
where w(x,y, ) is an important physical quantity that provides insight into the dynamics of the fluid and into energy
conversion and transmission in electromagnetic systems.
Case 2 Likewise, for o(x,y, t)=P(x, )+ O(y, 1)+ MP(x,)0(y, t), Egs. (5) yield:
a, (3, 1) = F, (Ol + MP(x,0)]- MF(¢)[ P, (x,t)— P, (x, )]
e 2MP (x,t)F(t) ’

(€))
a, (%, )==MG()F P, (x,1), by(x.y,)=H(y) b, (x.y,)==FO)G,(y)1 + MP(x, 1)), O(y,)=F({)G(y)— i

where P(x, t), F(f), G(y) and H(y) are arbitrary functions, and M0 is a constant.
Substituting Eq. (9) and Eq. (4) into Egs. (2) gives the solutions of Egs. (1):
_ F, @l +MP(x,t)]-MF()[P,, (x,1)—P,(x,1)] . MF()G(y)P, (x,1)
B 2MP (x,))F(t) K+F)G(y)+MF@t)G(y)P(x,t)’
FOG, (7)1 + MP(x.0) (1o
K+F@)G(y)+ MF@®)G(y)P(x,1)"

u(x,y, 1)

v(x,y,)=H(y)+

where K is an arbitrary constant.

The corresponding potential field is written as
MKP (x,0)G,(»)F ()
w(x,y,)=u,=v,= > (1)
(K+F(O)G(y)+MF@0G(y)P(x. 1)

To the best of our knowledge, these solutions have not been reported previously.

2 New Coherent Structures for Eqs. (1)

Localized coherent structures of the BLP equation, such as rogue waves, dromions and lump solutions, have been
widely reported™". The solutions in Egs. (7) and (10), however, contain arbitrary functions, which allow a much wider
class of localized structures to be generated. We select three sets of arbitrary functions P(x, ), F(¢) and G(y) (or P(x,t)
and Q(v)) and use them to construct three new types of localized coherent structures, whose interaction behavior is
then examined. The results show the extent to which the arbitrary functions can be exploited to generate localized struc-
tures and to relate their behavior to specific applications.

2.1 Breather Double Solitons

In Egs. (7), setting H(y)=0, P(x,7)=C,e<" V4 C,e“" V49 and O(y)=cos(ky+y,) yields the breather double
soliton solutions:

u, (x,1,6)=\/C, [C,e" VI~ C,e " VI + Mcos(ky + v, J/[C+ C, e V9 + C,e V49 4 cos(ky +,)
+M(C, e Vo 1 €, Vo) cos(ky + v, )]s

v, (%, ) =ksin(ky + o )[1 + M(C, e Vo 1 C,e VO [C+ C e Vo9 4 C,e“ Va9 4 cos(hy +1, )
+M(C1 e(CuH v’ax)_i_ Cze(Cul* VG x) )cos(ky +7, )]

(12)
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Figure 1 shows a breather double soliton formed by the interaction of the double soliton P(x, f)=2e™** +4e% >

with the periodic wave Q(y)=cos(y). The solution is localized and keeps its pulse-like profile as it propagates.

-u):2§§§§§E§§§§§§§§§§§§§i§:::
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X
(b) Contour plot of u,(x, y, #)

e
—_—SSNE
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X
(c) 3-dimensional plot of v,(x, y, 7) (d) Contour plot of v, (x, y, £)

Fig. 1 Plots of u,(x,y.¢) and v, (x,y.7) when C,=4, C,=2, C,=4, C=100, M=2, k=1, y,=0 and =1 in Eqgs. (12)

2.2 Symmetric Breather Solitons
Setting H(y)=0, P(x,f)=e™"sin(Kx) and O(y)=Nsin(In(y?*))(1 —sin(In(y?))) in Egs. (7) reduces them to:
u, (x,y,£)=Ke™ " cos(Kx)[1 + MNsin(In(y*))(1 — sin(In(y*)))J/[C + e ¥ 'sin(Kx)
+Nsin(In(y*))(1 — sin(In(y* ))) + MNe ™ 'sin(Kx)sin(In(y* ))- (1 — sin(In(3*)))],
_ 2Ncos(In(y*))(1 — 2sin(In(y?)))
y
+Nsin(In(3*))(1 - sin(In(y?*))) + MNe ™ 'sin(Kx)sin(In(*))- (1 — sin(In(3* )))].

(13)

v, (x,,1) [1+Me™"sin(Kx)])/[C + e 'sin(Kx)

Figure 2 shows a second coherent structure, which is symmetric about the plane y = 0 and periodic in the x-

direction.

% 4 2 0 2 4 6

X
(a) 3-dimensional plot of u,(x, y, ) (b) Contour plot of u,(x, y, 7)
Fig.2 Plots of u,(x,y,f) when C=100, M=2, N=4, K=4 and =1 in Eqs. (13)

2.3 Double-Period Waves
Setting P(x, £)=e"sin(k, x +x, ), G(y)=cos(k,y+y,)in Eqgs. (10) gives:
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CoMk,e™"cos(k, x +x, )cos(k, y+v,)
K+ C,cos(k, y+y, )+ CoMe ™ cos(k, y +y, )sin(k, x +x,)
Cok,sin(k, x+x, [ + Me ™ sin(k, x+x, )]
K+ Cycos(k,y +y,)+ CoMe™cos(k, y + v, )sin(k, x +x,)

us (X%, )=
(14)

Vs (x,y, t):

. L . .. . 2 2 . .
The solutions are periodic in both x and y, with smallest positive periods ﬁ and ﬁ, respectively. Figure 3 shows
1 2

the resulting double-periodic wave structures.

(c) 3-dimensional plot of v,(x, y, 1) (d) Contour plot of v(x, , 1)

Fig.3 Plots of u;(x,y,7) and v, (x,y.f) when K=100, M=2, C,=4, k,=2, k,=4, x,=0, y,=0 and =1 in Eqgs. (14)

3 The Local Structure of w(x, y, ) for Egs. (1)

Since w(x,y,f)=u,=v,, this quantity reflects both the physical properties of the system and the corresponding
changes in u(x,y,t) and v(x,y,?). Therefore, w(x, y,?) can be used to simplify the problem and to construct new solu-
tions®”. With suitable choices of P(x,¢) and O(y) in Eq. (8), w(x,y,) acquires novel local structures, such as fractal

structures and chaotic patterns®™.

3.1 Fractal Rogue Waves

2 2
With C=100, M=2, P(x,)=2e“">+4e“ > and O(y)=1 + b/|cos(llrir(1 V)" Bq. (8) yields a fractal rogue wave
y

|2x + 4t|cos[In((2x + 4£)* ) + sin((2x + 4£)*)]
1+x*

w,(x,3,t), plotted in Fig. 4. Taking P(x,H)=1+

i[cos(In(l +y*))+ sin(In(l +y* ))J*
1+y*

and Q(y)=1+

instead yields a second fractal rogue wave w, (x,, ), shown in Fig. 5. The two pro-

files differ in how the pattern is distributed. In Fig. 4(b), the closed contours form four groups placed symmetrically
above and below y = 0 and are linked by a narrow ridge along y = 0. In Fig. 5(b), they spread over the whole window
and become smaller and more closely spaced toward x = 0, with the same sequence of scales repeated on either side.
This self-similarity comes from the factors cos[In(1 + ?)] and cos[In((2x + 4¢)*)], which are periodic in the logarithm of

their argument and therefore reproduce the same profile at geometrically spaced scales.
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(a) 3-dimensional plot of w\(x, y, ?) (b) Contour plot of w,(x, y, )

Fig. 4 Plots of w, (x,y,7) when =1
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(a) 3-dimensional plot of w,(x, y, ) (b) Contour plot of w,(x, y, )

Fig.5 Plots of w,(x.y,7) when =1
3.2 Fractal Dromion
In Eq (8), Settlng P(x’ [): 1 + e[f(2x+4l)(2x+4z+sin(ln((2v+4z)2))+cos(ln((2x+4z)z)))]’ C= 100, M=2 and Q(y)z 1 + e[—y(ersin(ln(l +y2))+cos(ln(1+yz)))]
yields a fractal dromion w;, (x, y, ?), plotted in Fig. 6. Unlike the profiles in Figs. 4 and 5, this one is localized in both x
and y: the exponent in each factor is quadratic in its argument, so the profile decays away from the line 2x + 4= 0 and

from y = 0. In Fig. 6(b), the closed contours form two columns of nested squares, and their linear size falls by a con-
stant ratio at each level of nesting, with the same ratio recurring above and below y = 0.

-1.0 0.8 0.6

X
(a) 3-dimensional plot of w,(x, y, 1) (b) Contour plot of w;(x, y, 1)

Fig. 6 Plots of w,(x,y,7) when =1

3.3 Chaotic Pattern

With C=100, M=2, P(x,t)=[1 - ! 1 ! Jand O(y)=[1- ! " 1 }

5+ sin((2x+3¢)*) 3t sin((2x+37)*) 5+ sin(y*) % +sin(y*)

Eq. (8) yields a chaotic pattern w, (x,y,t), plotted in Fig. 7. The profile has no period in x or y, and because its local
wavenumber grows as |x| increases, no two portions of the pattern repeat. The phases enter as (2x + 3¢)* and )? rather
than linearly, so the local wavenumber is 4(2x + 3¢) with respect to x and 2y with respect to y; this is why the contours
in Fig. 7(b) are sparse near x = 6 and crowded near x = 20.
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(b) Contour plot of wy(x, y, £)

Fig. 7 Plots of w,(x.y,7) when =1

Conclusion

In this study we combined the auxiliary equation mapping method with the homogeneous balance method and ob-

tained variable separation solutions of the BLP equation. These solutions provide a basis for constructing new coherent

structures and for analyzing the local structure of the associated physical quantities. The structures obtained here ex-

tend the known solution set of the BLP equation, and the fractal and chaotic cases show how varied its dynamics can

be. Further work may consider more general combinations of the arbitrary functions in order to generate additional so-

lutions. The present study is restricted to the existence and the structural features of exact solutions; their dynamical sta-

bility and physical applications remain open.
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(2+1) 4 Boiti-Leon-Pempinelli 572RHHH T 4544 SIRTEBREE
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il2ERE N TR REABE, ~rd 3CI 663099

fZ . (2+1) 4EBoiti-Leon-Pempinelli (BLP) 2 EATAIME, HAFFE Kot 2 S AH T 454, HiX
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